The goal of this study was to develop, on a rational basis, an index of the intrinsic diastolic elastic properties of the left ventricle.
SINCE THE WORK of Starling and indeed even earlier' the importance of the diastolic filling of the heart as a major determinant of left ventricular function has been well known..2' The more recent efforts to quantify the relationship between what is known of isolated muscle behavior and the function of the intact heart have stimulated a number of attempts to develop methods of inferring the passive elastic properties of the myocardial wall from observable characteristics of the intact heart. These studies range from the entirely empirical to very sophisticated finite element numerical solutions with the majority lying somewhere in between.4"19 Such compromise approaches seem both prudent and productive when one realizes that on the one hand a purely empirical approach fails to take into account what is known from elasticity theory which, while limited, does offer a framework to guide and support the interpretation of results. On the other hand it must be conceded that cardiac muscle, as an engineering material, is exceedingly complex. Indeed if one were to catalog all the complicating features of the science of engineering mechanics, most, if not all, are present to some extent in "real" cardiac muscle. 20 The complexities of muscle, as a material, when coupled with a complicated geometry result in an analytical problem, the solution of which borders between impossible and difficult. The increasing complexity of solution of the problem carries with it a greater difficulty in identifying common and dominant features. It is my view that a much simpler formulation, while deficient in accuracy, may permit the development of improved insight into the role of some of the major determinants of the pressure-volume characteristics of the intact left ventricle.
The goal then was to formulate the problem as simply as reasonable in an attempt to gain sufficient insight into overall behavior to permit the development of an approx-proposed as an index sensitive to K and relatively insensitive to both pressure and initial cardiac geometry. The index is compared with published studies. Using the data of Fester and Samet, mean values of the asymptotic log-log P-V slope, m, evaluated at end-diastole for normal, idiopathic hypertrophy, mild, moderate and severe coronary artery disease were 3.95 ± 0.60 (SEM), 5.05 ± 1.60, 5.24 ± 0.96, 8.35 ± 2.06, and 15.13 ± 3.0, respectively.
At values of LVEDP less than 7 mm Hg the concept of simple distension is questioned. The advantages and limitations of this approximate index are discussed. This index seems to afford a practical measure of the elastic properties of the wall over a rather wide range of pressure, volume, wall mass and wall thickness.
imate index which might be clinically useful in assessing diastolic left ventricular muscle stiffness.
Analytical Method
The force-length relationship of resting skeletal muscle has been known to be importantly non-linear since the mid 19th century. 21 The details of this relationship have been further refined, but it was not until the 1950s that the nature of the curve for resting heart muscle was documented. 22 Pinto and Fung20 have measured the passive stretch characteristics of resting rabbit papillary muscles and shown that the loading curve, obtained in simple elongation, can be represented by an exponential relationship over the normally encountered range of stresses. That is da/de = Ka + C (1) where a is the Eulerian stress and e is the Lagrangian strain, and K and C are constants describing the intrinsic elastic characteristics of heart muscle. Eulerian stress and Lagrangian stress only differ importantly at large values of strain and the present state of uncertainty about the true constitutive relation does not permit a discrimination between the two formulations. A complete and self-consistent definition of the terminology of stress and strain adhered to in this paper is given by Fung.23 It follows, of course, that the strain itself is given by integrating (1) to get e = Ln[(Ka/C) + l]/K (2) This is a logical consequence and describes rather well the behavior of heart muscle subjected to simple elongation tests. VOL. 53, No. 3, MARCH 1976 tion of heart muscle which is applicable to situations in which the stresses are acting in several dimensions. The present state of knowledge in this respect is decidedly limited24 and lacking any definitive experiments on which to formulate a workable three dimensional constitutive relation, some simplifying assumptions are necessary.
Consider a thin sheet of elastic material with orthogonal 0 and so coordinates. If a force is applied to this sheet in the V direction only, it will, of course, lengthen in that direction with a Lagrangian strain E. = Al/io, but at the same time it will become more narrow. Thus one could say that the application of a force in the so direction results in a negative strain in the 0 direction.
If, at the same time as applying the force in the (, direction, one applies sufficient force in the 0 direction to keep the width of the specimen constant, one can see that the resultant strain in the s direction will be reduced. In the case of linear materials for which the principle of superposition may be applied this can be expressed as follows
Thus we see that the net strain in the 0 direction is comprised of two terms. The strain in the 0 direction due to a stress in the 0 direction is reduced by the strain in the 0 direction due to a stress in the (p direction. The constant of proportionality, A, is the so-called Poisson's ratio. The assumption of an incompressible muscle volume implies in this simple case a Poisson's ratio of 0.5. For materials whose stress elongation properties are not linear the principle of superposition cannot be presumed to be generally valid. While the application of the above formulation may be numerically suspect, it is clear that the fundamental phenomenon must also occur in nonlinear materials.
We have, therefore, used this formulation to take into account the fact that the strain in the 0 direction is less than one would expect for the same piece of muscle subjected to simple elongation, but a rigorous defense of this formulation is simply not possible. When applying equation (1) 
As shown in equation (4), the strain in the 0 direction will be one-half that which one would expect due to the stress in the O direction alone. In this formulation we have implicitly already assumed that the radial stresses are negligible when compared with the transverse stresses. This is, in fact, one way of stating the "thin-walled approximation." It is important to recall that one of the precepts governing the present approach to this problem has been the desire to formulate the problem in the most simple manner, which at the same time retains the dominant features of the known pressure-volume relationships of the intact ventricle.
In addition to the mathematical description of the elastic characteristics of cardiac muscle it is necessary to have a set of equations which describe the equilibrium between externally applied stresses (intraventricular pressure) and resultant internal stresses.
That relationship, of course, also carries with it a dependence upon geometry, which is itself a function of those internal stresses giving rise then to a set of equations which, depending upon their complexity, may or may not be solvable. 25 By selecting a simplified formulation of both the constitutive relation and the equilibrium of forces we may get a set of equations amenable to solution. We have elected to use the Young26 -Laplace law, which for a spherical geometry may be written as ur = PR/2t (5) Whether or not this spatially averaged stress when coupled with the constitutive relation accurately predicts the resultant pressure-volume characteristics of the ventricle remains in question. Recent results by Mirsky'8 have shown that the stress distribution through the wall is not at all linear. Thus one may expect that a spatially averaged stress and an accurate computation of the stress at the mid-wall might be substantially different.
It still remains to be seen whether, indeed, any single valued function of stress will result in a suitable description of the pressure volume characteristics of the entire ventricle. In addition to equation (5) and equation (4) there is the further constraint on the problem that the volume of muscle contained in the left ventricular wall is a constant, as the radius increases. This interrelationship between the radius of the sphere and its wall-thickness can be written as (6) where Vm is the left ventricular muscle volume and t is the wall-thickness.
The net strain in the 0 direction is equal to AR/R& and after combining equations (4) and (5) we get a second relationship for the endocardial radius of the spherical left ventricle, based on its stress strain properties. (7) Obviously, the "correct" value of the independent variable, in this case, the wall-thickness t, is that value for which the radius given by equation (6) and that given by equation (7) are equal. Note that equation (6), when divided by t gives a simple relationship for R/t which can be substituted into equation (7) .
R(t) = Ro tl + I [Ln((KPR/2Ct) + 1)]/[2K] 1I
By equating equations (6) and (7) we get then an algebraic relationship for which only one value of the wall-thickness t will give a solution. This equation was then solved numerically on a Hewlett-Packard Model 20 Calculator using the interval halving method.27
Four parameters: Vm, K, C and either Ro or to must be specified in order to obtain a solution. The reference radius R& is that radius which would obtain if the pressure and thus the internal stresses were zero, while at the same time the geometry of the ventricle were magically constrained to remain spherical, as the effects of gravity have been entirely neglected. The necessity of having to specify this resting radius may seem at first glance to preclude the effective use of this approach, since it is to be expected that R. can never be determined in the clinical situation. The combination of muscle volume along with Ro, in effect, specify the initial size of this mathematical ventricle; the question is whether 444 CIRCULATION LOG-LOG P-V SLOPE AS LV ELASTIC INDEX/Laird one can find an index of compliance sensitive to K but relatively insensitive to that initial geometry. Others'"'have presented far more detailed solutions which include various approximate formulations of the more complex problem which exists in the real ventricle.
The justification for the present simplified approach is that, if we are interested only in the gross overall pressure volume characteristics of the ventricle, it may not be necessary to include such things as the details of the stress distribution through the wall in order to achieve a solution. The test of this hypothesis remains to be seen in the final results. On the other hand, if one is interested, for example, in attempting to explain subendocardial ischemia in the presence of a normally perfused epicardial layer, then it is quite obvious that such a simplified approach will fail to demonstrate the required detail. However, the use of a less complex model may permit more extensive calculations and result in an improved insight into the overall dominant features of the intact ventricle.
Discussion
From the solution of the above equations it is, of course, possible to compute pressure-volume relationships and their derivatives while varying, at will, both the elastic properties of the wall muscle as well as the initial geometry.
Before attempting to present an index predominantly sensitive to the elastic properties of the wall only, it may be both enlightening as well as wise to inquire to what extent the results are consistent with what is already known. In the interest of brevity these comparisons will be qualitatively summarized.
Diamond and Forrester" have observed that the reciprocal compliance dP/dV is a nearly linear function of pressure and moreover have proposed that the slope of this relationship, a, is characteristic of the wall elasticity.
When dP/dV is computed as a function of pressure P, the relationship is very nearly linear and the results obtained with higher values of the wall stiffness parameter, K, display a slope which is increased. However, curves with the same wall properties but differing initial cardiac volume also have differing slopes.
This slope (a in the nomenclature of Diamond and Forrester') was found to be very sensitive to muscle mass. A 50% increase in muscle mass caused a 50% decrease in the slope.
This may relate to some of the difficulties of inter-patient variability alluded to'4 in attempting to use this index as a guide to assessing the stiffness of the ventricle of an individual patient.
Normalizing the compliance or in this case the reciprocal compliance dP/dV by the instantaneous volume V has been suggested" as a method for minimizing the effects of geometry. This normalized reciprocal compliance was calculated as a function of left ventricular end-diastolic pressure for various values of the wall stiffness, K. The volume stiffness VdP/dV was found to be nearly linear with pressure and increased with increasing values of K. Closer examination of the results also revealed that a heart with twice the muscle volume is nearly indistinguishable in this presentation. This would tend to confirm that variation in geometry has been, for practical purposes, removed. Since the curves were nearly linear with pressure and all approach the origin, division by the pressure may then remove this remaining extrinsic sensitivity.
In figure 1 the nondimensional quantity (V/P) (dP/dV) is plotted versus pressure, for various values of the wall stiffness constant K. That the lines are nearly horizontal and also nearly equally spaced for equal increments in K suggests that the index (V/P) (dP/dV) is relatively insensitive to pressure while retaining an apparently linear dependence on the wall stiffness K.
The attention of the reader is directed to the attendant, intellectually satisfying fact, that (V/P) (dP/dV) is numerically without dimensions, as is the wall elastic constant K.
In order to more accurately assess the contention that (V/P) (dP/dV) is for practical purposes sensitive largely to K, we plot in figure 2 the ratio (V/P) (dP/dV)/K versus K. If our contention is correct, this should result in a horizontal line. As shown, the line is constant to within + 15% for, in this case, values of K greater than approximately 7 up to a value of 26, at a constant pressure of 15 mm Hg. Figure 3 shows the same parameter, (V/P) (dP/dV)/K as a function of pressure for a variety of geometric initial conditions. Note the increased scale of the plot, and the fact that a factor of two variation in both muscle-volume and wall-thickness as well as a factor of 10 change in the initial slope C, for pressures between 7 and 30 mm Hg, results in a change of approximately ± 10% in (V/P) (dP/dV)/K.
The real test, of course, of this proposed index is in comparison with the characteristics of an intact heart, while the purpose of the calculations described above was primarily to assess the sensitivity of this and other indices to parameters which are difficult either to vary or to measure in vivo.
Using data of Diamond et al. 8 for dog hearts as quoted by Mirsky and Parmley'4 it is possible to compute from their curve fit parameters, the index (V/P) (dP/dV) as a function of P. This is shown in figure 4 . For pressures greater than approximately 10 mm Hg each individual dog can be characterized by a single value of K to within approximately ± 20%, with the exception of dog number 6.
Fester and Samet'7 have raised the question of whether a particular ventricle can, in fact, be represented by a single value of K throughout the entire range of diastole. In this connection it may be seen that at the higher pressures the curve is essentially consistent with a unique value of wallstiffness K. However, at lower pressures, say below 10 mm Hg, the entire concept becomes questionable, since gravity will begin to take on a progressively more important role. When the characteristic dimensions of the heart in centimeters and the intraventricular pressure expressed in centimeters of water are of the same order, there are important hydrostatic pressure gradients within the ventricle as well as the increasing importance of bending moments in the wall. The problem then becomes rather more like the "unflattening" of veins with near zero pressures, rather than true distension of the wall under the influence of significant transmural pressure differences.
This has important practical implications, since the "normal" values of left ventricular end-diastolic pressure are within the range where the effects of gravity and bending stresses within the wall are important.
If it is true, as contended above, that (V/P) (dP/dV) at higher pressures approaches a constant value then, by simple substitution, it must also be true of d(log P)/d(log V). That is, when pressure is plotted versus volume on double logarithmic graph paper, it should approach a constant slope at the higher pressures. The slope of this asymptote should equal (V/P) (dP/dV) and as argued above may constitute a simple index of the elastic properties of the left ventricular wall.
In order to facilitate assessment of this index in man the clinical data of Fester and Samet"7 were used as a basis. A question which must be addressed is whether indeed the pressure-volume relationship during diastole, when plotted on log-log graph paper, approaches an asymptotic value. In figure 5 the original pressure-volume data of figure 12 in Fester and Samet's paper'7 are shown replotted in log-log coordinates.
An asymptotic line, with a slope m = d(log P)/d(log V) = (V/P) (dP/dV) = 4.9 is shown. The pressure-volume data below a pressure of 3 mm Hg were not incorporated in the curve-fit and subsequent analysis by Fester 17 The straight line is the visually estimated asymptotic slope, m = 4.94. The slope calculated from curve-fit parameters17 was m = 4.10. Only points above a pressure of 3 mm Hg were use d7 in the exponential curve-fit.
tionship was too great. As mentioned above, in the lower pressure regions, the mass of both intraventricular blood as well as the muscle may well be dominant features of the problem which would preclude the interpretation of the results in terms of simple distention of the wall. At pressures near end-diastole in this example, as shown in the figure the data points approach a straight line, consistent with the analysis and interpretation presented above.
Based upon the curve-fit parameters presented in table I of Fester and Samet's paper 17 it is possible to compute the log-log pressure-volume slope, m, at end-diastole. These results are given in table I of the present paper for all patients. The clinical definition of admittance criteria for each of the eight patient groups are those of Fester and Samet. 17 Statistical analysis was confined to the normal, idiopathic hypertrophy, CHF-CAD, (severe), CAD, (moderate), and CAD,, (mild). Mean values of the log-log pressure-volume slope ± SEM were 3.95 ± 0.60, 5.05 i 1.60, 15.13 ± 3.00, 8 .35 ± 2.06, 5.24 ± 0.96, respectively.
The conclusion reached by Fester and Samet, 17 that the elastic properties of the wall in their patients with idiopathic hypertrophy did not differ significantly from the normal group, is also borne out in this study by the insignificant difference in mean values of m for the two groups. The range of values of m for the idiopathic hypertrophy groups is much greater and moreover does not seem to be correlated with measured wall thickness.
Abbreviations: EF = ejection fraction (total for regurgitation); Vchamber volume; h = equatorial free wall thickness; p = pressure; CAD = coronary artery disease; CHF = congestive heart failure; SEMstandard error of the mean.
Data and patient classification nomenclature from Fester and Samet.17 K2 = slope of wall stiffness obtained from their equation 3 This re-emphasizes the point'7 that wall thickness and morphologic hypertrophy affecting the elastic properties of the wall per se must be viewed as separable entities.
Values of the passive elastic index m for the normal as well as the three graded groups of coronary artery disease patients are shown in figure 6 . When compared with the normal group, the CAD3 (mild), CAD2 (moderate), and CHF-CAD, (severe) had P values of less than 0.3, 0.05, and 0.001, respectively, suggesting the potential of the slope of log pressure vs log volume at end diastole to differentiate between varying extent of the disease process. More explicit testing of this hypothesis and of both sensitivity and specificity would constitute a reasonable goal of a prospective study in larger patient groups.
When one realizes that in order to use this index no measurement of either muscle or wall thickness is required, one may suspect that this is wholly inconsistent with the approach taken by Mirsky and Parmley" and used by Fester and Samet."7 In order to examine this point further, the ratio K2/m, where K2 is the elastic constant from Mirsky and Parmley's"4 formula, is given in table I for each patient. The variation in this ratio is not large. Indeed when all patients are taken together the mean value of this ratio is 6.74 ± 0.28. Moreover, the correlation between Mirsky and Parmley's'4 K2 and the proposed slope, m for the global patient group was strong (r = 0.93, N = 45). This correlation was obtained in spite of wide variations in volume, muscle mass, wall thickness and end-diastolic pressure. Closer examination of the form of Mirsky and Parmley's" equation shows that at higher pressures, the term (1 + (V/P) (dP/dV)) dominates, which is consistent with the pressure 0 la FIGURE 6. Asymptotic slope m = d(logP)/d(logV)ed for normal, mild CAD3, moderate CAD,, and CHF-CAD, patient groups of Fester and Samet. 7 Shown for each group are means ± SEM When compared with normal group P values of less than 0.3, 0.05, and 0.001 were obtained. volume curve approaching a straight line with a constant slope on log-log paper.
The advantages of the use of this proposed log-log slope index are that, first, it does not require reference to complex formulae; second, measurements of both wall thickness and/or muscle volume (Vm) are obviated; and last, the parameter of interest, an index of the intrinsic passive elastic properties of the wall, is visually evident from the measured pressure-volume relationship when plotted on double logarithmic paper. At the same time, the limitations of this approach must be carefully considered. It is not claimed that this analysis is rigorously correct but rather represents an approximation. The asymptotic slope, m of the log pressure vs log volume plot should be used and should the enddiastolic pressure be lower than, say, 7 mm Hg the results should be interpreted with extreme caution, because the lower the pressure the less accurate is the approximation that (V/P) (dP/dV) is a constant, and every bit as important, the role of inertia during rapid filling, gravity, and bending stresses in the wall take on greater importance, and may even dominate at low pressures.
A note of caution regarding the required accuracy of the raw data must also be raised. As is well known to every investigator, estimating slopes of experimental data always, and for fundamental reasons, is a noise enhancing process. Estimates of passive elastic properties of the left ventricle which require the explicit estimation of dP/dV are especially vulnerable. As is common knowledge scatter always appears less in a log-log representation of data and thus d(log P)/d(log V), which on fundamental grounds has been shown to be a reasonable method of examining the data, could be expected to be a more accurate estimate than dP/dV itself. While it is not feasible to completely address this question an estimate of the errors involved has been made.
With typical values of the slope, m, end-diastolic pressure and volume, an uncertainty limit of ± 10% in volume produces an uncertainty range of +50% and -30% in the slope m. This uncertainty is proportional to the slope m, increasing with increased stiffness.
Values of the asymptotic log-log P-V slope, m at enddiastole, greater than approximately 6 would appear to have pathological correlates.
It is hoped that the ease of application of this technique will permit a critical assessment of its utility in larger patient groups. Moreover, the geometric limitations and applicable pressure limits need to be refined further.
Conclusion
In reviewing our approach it is quite remarkable that although the analytical approach used contains a number of assumptions which are not rigorously defensible, the results are quite compatible with what is known about the overall pressure-volume characteristics of the intact left ventricle. It would appear, therefore, that the most essential features of the problem have been retained while at the same time resulting in a problem sufficiently easy to solve that it was practical to investigate the sensitivity of various indices to a range of relevant factors.
Finally, a new index m = d(log P)/d(log V)ed is proposed which, it was shown, is relatively insensitive both to geometry and to the pressure at which the index was evaluated, CIRCULATION 448 LOG-LOG P-V SLOPE AS LV ELASTIC INDEX/Laird while at the same time retaining a nearly linear dependence on the intrinsic nonlinear passive elastic constant K.
It must be recalled that the presently proposed index has a number of assumptions which may or may not be well met in a given clinical case. It has been shown that the index is not severely sensitive to wall thickness, or (Vw/V), however, it is based upon the assumption of a thin wall. A common clinical situation in which this is not satisfied is IHSS. However, since this is also characterized by asymmetric septal hypertrophy, one may question the applicability of any interpretation which has assumed that the ventricle is axially symmetric.
